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Discontinuous functions



An important detail

Proposition

Let I = (a, b) be any interval. Then there is an r ∈ Q and an

s ∈ R \Q such that r , s ∈ I .

In other words, any interval (no matter now small) contains a

rational and an irrational number.

We often say that Q and R \Q are dense in R.
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Dirichlet function

D(x) =

1 x is rational

0 x is irrational

D(x) is continuous nowhere.

D(x) not Riemann-integrable on any [a, b].
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Cool formula

D(x) =

1 x is rational

0 x is irrational

D(x) = lim
j→∞

(
lim
k→∞

(cos(k!πx))2j
)
.
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Why consider this function?

In 1869 P. L. Dirichlet was considering Fourier series

f (x) =
a0
2

+
∞∑
n=1

an cos(nx) + bn sin(nx),

His ideas worked only when f (x) only had a finite number of jumps

in each interval.
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Variation of the Dirichlet function

f (x) =

x x is rational

0 x is irrational

f (x) is continuous only at x = 0.

f (x) is not Riemann integrable on [a, b].
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Thomae function

In 1875, K. J. Thomae defined the function

T (x) =


1 x = 0

1
q x = p

q

0 x is irrational

T (x) discontinuous at every rational number but continuous at

every irrational number. T (x) is Riemann integrable on any [a, b].
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Other way Thomae function?

Is there a function that is continuous on the rationals but

discontinuous on the irrationals?

No – for a very deep reason involving the Baire category theorem.
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Intermediate value theorem – a cautionary tale

Theorem

If f is continuous on [a, b], then f takes on every value between

f (a) and f (b).

Is the converse of the IVT true?

Theorem (J. H. Conway – the Conway base-13 function)

There is a function which satisfies the conclusion of the IVT for

every interval but is not continuous at any point.
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Differentiable functions – sort of



A modified Thomae function

Let (ai )
∞
i=1 be a sequence of irrational numbers. For each i define

gi (n) = min
{
|m
n

− ai | : m ∈ Z is coprime to n
}
,

g(n) = min
i⩽n

gi (n).

Now define

T (x) =

0 x is irrational

(g(n))2 x = m
n

.

Then T (x) is discontinuous on the rationals, continuous on the

irrationals, and differentiable at each ai .
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Pause for a definition

Definition

A set A ⊆ R has measure zero if given any ϵ > 0 there is a

sequence of intervals (an, bn)
∞
n=1 such that

A ⊆
∞⋃
n=1

(an, bn) and
∞∑
n=1

(bn − an) < ϵ.

Some examples of sets with measure zero: finite sets, countable

sets, Cantor set.

A property holds almost everywhere if it holds everywhere except

possibly on a set of measure zero.
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Cantor’s function

This function is continuous, increasing, but its derivative is zero

”almost everywhere”.

It is also known as the ”devil’s staircase”. 11



Lebesgue’s function

Continuous and strictly increasing with zero derivative a.e. 12



Non-differentiable functions



Riemann’s function

In 1861 Riemann claimed that the function

f (x) =
∞∑
n=1

sin(n2x)

n2

is continuous but does not have a derivative at any point.

We will return to this function in a moment. 13



Weierstrass’ function

Theorem (K. Weierstrass, 1872)

The function

f (x) =
∞∑
n=1

cos(3nx)

2n

is continuous everywhere but differentiable nowhere.
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A more intuitive example of van der Waerden

Theorem (van der Waerden, 1930)

The function

F (x) =
∞∑
n=1

(
3

4
)nf (4n), f (x) = 2|x

2
− [

x

2
]|

is continuous everywhere but differentiable nowhere. 15



The isolated monk

In 1834, B. Bolzano created an example of a continuous

everywhere but differentiable nowhere function but only proved it

was not differentiable at a countable (but dense) set of points.

In 1921 Bolzano ”fans” later proved his function was actually the

first example of a nowhere differentiable function.
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Nowhere monotone functions

Students are often taught (perhaps incorrectly) that a continuous

function is ”a function whose graph you can draw without lifting

your pencil.”

The Weierstrass function is a nowhere monotone function: on no

interval is the function monotone (either increasing or decreasing).
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Back to Riemann’s function

Recall that Riemann claimed that the function

f (x) =
∞∑
n=1

sin(n2x)

n2

is continuous everywhere but differentiable nowhere.

So how come we are talking about other mathematicians and not

Riemann?
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Hardy’s thoughts on Riemann’s function

Theorem (Hardy – 1916)

Riemann’s function is not differentiable at

(i) any irrational multiple of π;

(ii) π
2n + 1

4m + 2
, where m, n are integers;

(iii) π
2n

4m + 1
, where m, n are integers.
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Riemann was wrong!

Theorem (Gerver – 1970)

Riemann’s function is differentiable (with value −1
2) at the points

π
2n + 1

2m + 1
, where m, n are integers.
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What took so long to find these nowhere differentiable func-

tions?

They are everywhere!

Theorem (Banach–Mazurkiewicz)

The continuous functions that are differentiable at even a single

point are very rare.

21



What took so long to find these nowhere differentiable func-

tions?

They are everywhere!

Theorem (Banach–Mazurkiewicz)

The continuous functions that are differentiable at even a single

point are very rare.

21



What took so long to find these nowhere differentiable func-

tions?

They are everywhere!

Theorem (Banach–Mazurkiewicz)

The continuous functions that are differentiable at even a single

point are very rare.

21



Same for nowhere monotone functions

Theorem (Banach–Mazurkiewicz)

The continuous functions that are monotone on some interval are

very rare.
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Some history

23



Universal antiderivative



One function to unite them all

Theorem (J. Marcinkiewicz – 1935)

Let hn → 0. Then there is a continuous function F on [0, 1] with

the following property: if f is any (measurable) function on [0, 1],

there exists a subsequence hnk such that

f (x) = lim
k→∞

F (x + hnk )− F (x)

hnk

for almost every x .
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Truly amazing fact

There is no formula for Marcinkiewicz’s universal antiderivative.

Marcinkiewicz’s proof says that most continuous functions are

universal anti-derivatives.
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